In active noise control (ANC) systems virtual microphones provide a means of projecting the zone of quiet away from the physical microphone to a remote location. To date, linear active noise control algorithms, such as the filtered-X LMS (FXLMS) algorithm, have been used with virtual sensing techniques. In this paper, a nonlinear ANC algorithm is developed for a virtual microphone by integrating the remote microphone technique with the filtered-s LMS (FSLMS) algorithm. The proposed algorithm is evaluated experimentally in the cancellation of chaotic noise in a one dimensional duct. The secondary paths evaluated experimentally exhibit nonminimum-phase response and hence poor performance is obtained with the conventional FXLMS algorithm compared to the proposed FSLMS based algorithm. This is because the latter is capable of predicting the chaotic signal found in many physical processes responsible for noise. In addition, the proposed algorithm is shown to outperform the FXLMS based remote microphone technique under the causality constraint (when the propagation delay of the primary path is greater than the secondary path). A number of experimental results are presented to compare the performance of the FSLMS algorithm based virtual ANC algorithm with the FXLMS based virtual ANC algorithm.
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I. INTRODUCTION
Active noise control (ANC) has been a widespread area of research due to its diversified application to low frequency noise control [1] [2] [3] . ANC systems attenuate offending noise by electroacoustically generating "anti-noise" using a secondary sound source (usually a loudspeaker) to cancel the acoustic pressure measured at a physical sensor (usually a microphone) 4 . For adaptive control systems, the physical microphone commonly referred to as the "error microphone"
guides the controller tuning of the ANC system, which ensures that the signal received by this microphone is minimized gradually. In reactive environments such as enclosures, this leads to a small localised zone of quiet being created at the microphone location. While the noise disturbance is significantly attenuated at this microphone position, the surrounding zone of quiet is very small. Additionally, the sound pressure levels outside the zone of quiet are likely to be higher than the original disturbance alone.
The concept of the virtual acoustic sensing has been developed to overcome the problems associated with the traditional local active noise control system. Virtual acoustic sensors shift the zone of quiet to a desired location that is remote from the physical sensor. Using the physical error signal, a virtual sensing algorithm is used to estimate the sound pressure at the virtual location. This estimate of the pressure at the virtual location is then minimised with the active noise control system to generate a zone of quiet at the virtual location. A number of virtual sensing algorithms have been created for local active noise control in the past including the virtual microphone arrangement 5 , the remote microphone technique 6 , the forward-difference prediction technique 7 , the adaptive LMS virtual microphone technique 8 , the Kalman filtering virtual sensing technique 9 and the Stochastically Optimal Tonal Diffuse Field (SOTDF) virtual sensing method 9 .
In previous experiments, virtual sensing systems have been used to control linear acoustic processes, such as tonal noise [4] [5] [6] [7] [8] [9] [10] . The noise that comes from a dynamic system however may be a nonlinear and deterministic noise process rather than a stochastic, white, or tonal noise process [11] [12] [13] [14] [15] [16] [17] [18] . The traditional linear ANC algorithm fails to control nonlinear noise processes.
Additionally, the secondary path often shows a non-minimum phase response. The ANC controller which normally adapts to the primary path and the inverse of the secondary path suffers form a non-optimum solution, as the inverse of a non-minimum phase secondary path results in a causal linear system 11, 16, 18 . Hence, in order to be effective the ANC needs to model the linear part of the acoustic system as well as be predictive to estimate the control signal. For the case of tonal noise this is not an issue. However, in the case of a nonlinear dynamic noise source, generated by a chaotic source, a nonlinear controller is shown to provide better performance compared to the linear ANC algorithms like the filtered-X LMS (FXLMS) algorithm. A number of nonlinear ANC algorithms have been proposed and show better performance over the FXLMS algorithm under chaotic input signals and secondary paths with non-minimum phase response [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Out of several nonlinear active noise control algorithms, artificial neural network 13, 14 , radial basis function based neural network 11 , Volterra series based algorithms 15, 16, 19 and functional link neural network (FLANN) based filtered-s LMS algorithms (FSLMS) are very popular 21, 23, 24 . The FSLMS algorithm is popular due to its low computational complexity and better performance over the Volterra filtered-X LMS (VFXLMS) algorithm.
Recently, works have been carried out to develop better ANC algorithms using the VFXLMS and FSLMS algorithm 21, 23, 24 . All the above algorithms have only been evaluated through simulation studies.
These nonlinear techniques essentially use the physical microphone signal to minimize the noise at the physical microphone location. A nonlinear ANC algorithm applied to a virtual microphone has not been attempted as yet except a preliminary study 25 . In this paper, we extend the virtual sensing technique to develop a virtual ANC algorithm based on the FSLMS algorithm to control a nonlinear noise process at a virtual location using a remotely located physical microphone. The virtual sensing algorithm adapted in this paper is the remote microphone technique 6 . In addition to this, the paper presents the experimental evaluation of FSLMS based virtual ANC algorithm compared to the FXLMS based one.
The paper is organized as follows. Section II provides an overview of the FXLMS based algorithm for the virtual microphone. Section III then develops the FSLMS based nonlinear ANC algorithm using the virtual microphone technique. The suitability of nonlinear ANC for a linear duct is presented in Section IV. Experiments using a one-dimensional duct with a chaotic input signal have been performed and the results are presented in Section V. In Section VI, a conclusion is presented as well as future prospects of the work.
II. FILTERED-X LMS ALGORITHM FOR A VIRTUAL MICROPHONE
The filtered-X least mean square (FXLMS) algorithm has been by far the most popular ANC algorithm to control noise by minimizing the square of a physical microphone (error microphone) signal using a gradient technique. It does not however, ensure noise control beyond the location of the physical sensor. In this section the conventional FXLMS algorithm is modified to minimize noise at a virtual location by incorporating the remote microphone technique (RMT) 6 . The RMT estimates the total error signal at the virtual location, ) ( n e v , using the error signal from a physical microphone, ) ( A block diagram of the remote microphone technique is shown within the dotted box of , at the physical microphone is first calculated using
where
is an estimate of the secondary disturbance at the physical microphone and ) (n y is the control signal. The '*' denotes the convolution operation. Next, an estimate of the primary disturbance,
, at the virtual location is estimated as
Finally, an estimate,
, of the total virtual error signal from both sources is calculated using
is an estimate of the secondary disturbance at the virtual microphone location. Thus, an estimate of the virtual error signal has been calculated from the physical error signal.
The control signal, ) (n y , is computed by convolving the reference microphone signal ) (n x with the ANC filter coefficient as follows
This virtual error signal is used to update the ANC weights vector ) ( n w according to
is the filtered reference signal, that is formed by filtering the reference signal ) (n x with the secondary path estimate to the virtual microphone location and is expressed as 
III. FILTERED-S LMS ALGORITHM FOR A VIRTUAL MICROPHONE
The filtered-S LMS algorithm was first proposed in 18 . The algorithm is based on a trigonometric functional link artificial neural network (FLANN) 26, 27 but applied to the ANC problem. Later, the algorithm was extended for application to multichannel ANC systems 20 and for its computationally efficient versions 21, 22 . In this section, the remote microphone technique is combined with the FSLMS algorithm to develop a new nonlinear ANC algorithm suitable for a virtual microphone. The FSLMS virtual microphone algorithm, implemented as a filter bank 21 , is shown in Fig. 2 . From the figure, it is clear that this algorithm consists of a number of adaptive filters arranged as a bank with the inputs modulated by orthogonal sinusoidal nonlinear functions. Referring to the block diagram in Fig. 2 , the residual error sensed by the physical microphone is expressed as
is the primary noise at the physical microphone and ) (z S is the secondary path transfer function that represents the path from the output of the controller to the physical microphone signal. The "+" in Eqn. (7) represents acoustic superposition. The control signal, ) (n y , is the sum of the output of all the adaptive filters, which is computed as
and 
which contains N recent samples of the functionally expanded reference input ) (n x . Here for
The weight parameters of the nonlinear controller, ) (n i w are updated using the estimated virtual error signal ) ( n e v calculated using Eqns. (1) to (3). The weight update equation is as follows:
where i µ denotes the step-size which controls the convergence speed of the FSLMS algorithm.
The filtered reference signal vector,
, is formed by filtering ) (n s i through the secondary path estimate transfer function ) ( z S v as shown in Eqn.
is an estimate of secondary path from controller output to the virtual location and is represented in − z domain.
It may also be observed that the FSLMS algorithm for 0 = P , i.e order=0, is the same as the FXLMS algorithm presented in Section-II. When 1 = P , only one sin and cos term will be present with a total of three adaptive filters of equal length N. Due to the fact that the input signal is nonlinearly modulated and is followed by a linear filter, the overall response of the controller is nonlinear. It is also important to note that the sin(.) and cos(.) functions can be represented by a Taylor series expansion consisting of odd and even powers of input samples, respectively.
Hence, it is likely that the trigonometric functional expansion based FSLMS algorithm is suitable for modelling higher order nonlinearities.
FIG. 2. Block diagram of FSLMS algorithm using virtual sensing technique
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IV. NONLINEAR ANC FOR A ONE-DIMENSIONAL DUCT
A one-dimensional duct, typically of circular or rectangular cross-section, is one in which the acoustic energy is constrained to propagate only in one direction. One of the important issues seen in active noise control is when the secondary path is a non-minimum phase transfer function. Referring to publications in the area of nonlinear ANC algorithms 11, 16, 18 , the ANC controller models the primary path transfer function and the inverse of the secondary path transfer function. When the secondary path has a non-minimum phase response, estimating its inverse is difficult. However, a causal estimate of the inverse transfer function exists, which results in a prediction type problem. A linear controller (as in the FXLMS algorithm case) is not a suitable predictor. However, the FSLMS algorithm, being a nonlinear controller, is a better predictor and is suitable for approximating the causal estimate of the non-minimum phase secondary path, when the input noise is nonlinear and deterministic such as generated by a chaotic source.
A chaotic signal is neither random nor tonal. The noise generated from dynamic systems such as fans or airfoils are often chaotic in nature. The simplest, way to establish the chaotic nature of a noise signal is by plotting the noise sample with respect to its delayed samples (often referred to as a phase plot). The chaotic noise shows dense periodic orbits in such a plot. Density of periodic orbits means that every point in the space is approached arbitrarily closely by periodic orbits. For the better understanding of the reader, 10000 samples of a random signal, a tonal signal, a noise recorded from an airfoil and a synthetic chaotic signal generated from a recursive equation, Eqn. (14), is plotted with respect to their delayed samples in Fig. 3 . From the figure, it is clearly seen that, the random signal does not generate any orbit. The tonal noise generates an orbit but the points on the orbit are not randomly approached. However, in case of a logistic chaotic signal (Eqn. (14)) and the recorded airfoil noise signal, the plot appears to be chaotic in nature as it is satisfying the dense periodic orbit property 29 . In addition to this, the ANC system often faces a causality constraint. Causality constraint refers to the delay in the secondary path being longer than that in the primary path. This is often seen in the case when cancelling the noise near the primary noise source. In the case of chaotic noise processes, which are deterministic, a nonlinear controller can be suitably used as a predictor under a causality constraint to provide better results when compared to the linear ANC algorithm. 
V. EXPERIMENTAL RESULTS
The newly developed nonlinear virtual sensing algorithm was evaluated for its performance in comparison to the conventional linear FXLMS based ANC algorithm in these experiments.
A. Experimental setup
The analysed offline for comparison. Provision was made to vary the step-size parameters from the Control Desk online to achieve better convergence.
B. Experimental procedure
In Matlab Simulink the complete real-time ANC algorithm was implemented in three stages: (1) identification of the secondary paths ) ( z S p and ) ( z S v ; (2) identification of the primary path between the physical and virtual microphone ) ( z H and (3) the feed-forward active noise control. During identification of the secondary paths, a random noise of zero mean and variance equal to 0.02 was fed to the secondary loudspeaker. Two separate adaptive filters, one to estimate the ) ( z S p and the other to estimate the ) ( z S v , were run in real-time using the LMS algorithm to adapt using the random signal as an input and the received microphone signals as the desired signals. The length of the adaptive filters were chosen as 200 and the step-size as 0.001. After adapting it for approximately one minute, the adaptive filter weights were stored for further stages of operation. The impulse response of ) ( z S p is the adaptive filter weights for which the desired signal is the physical microphone signal. Similarly, the impulse response of
is the adaptive filter weights for which the desired signal is the virtual microphone signal.
The random number, to represent white uniform signal, is used as the reference for both the adaptive filters. In stage-2, the identification of primary path between physical and virtual microphone ) ( z H was computed by running a similar adaptive filter as in stage-1. However, in this case the same random signal was used to excite the primary loudspeaker. In addition, the physical microphone signal was used as the input signal and the virtual microphone signal was used as the desired signal for the adaptive filter. The adaptive filter weight so obtained is used as the transfer function between the physical and the virtual microphone, ) ( z H . In stage-3, the feed-forward ANC algorithm was run using only the reference and physical microphone. The primary loudspeaker was excited by different types of signals, such as chaotic signal, specific to the experiment. A microphone located at the virtual microphone location was used only for monitoring and evaluation purposes.
The virtual microphone signal was captured after the ANC algorithm was allowed to converge (approximately 90 s). The magnitude of the power spectral density (PSD) also termed as power spectrum magnitude in dB of the last 20,000 samples of the virtual microphone signal is computed using Matlab's "psd" command for performance comparison. In such power spectrum magnitude (dB) plot the − x axis represents the normalized frequency where the maximum frequency "1" represents the half of the sampling frequency. In our case it was equal to 500 Hz as we have chosen the sampling frequency as 1 kHz. After convergence of the ANC, the secondary loudspeaker signal was disconnected to capture the virtual microphone signal when ANC is OFF. 
C. Experiment-I: (Comparison of FXLMS and FSLMS algorithm)
This experiment was carried out to evaluate the relative performance of FXLMS and FSLMS based virtual sensing algorithms. The input signal was selected as a synthetic chaotic signal 16, 18 generated using the logistic chaotic equation as follows: Fig. 6 . From this figure, it is apparent that the FSLMS algorithm outperforms the FXLMS algorithm when used to control chaotic noise at a virtual location in a one-dimensional duct. This is due to the fact that the FSLMS algorithm is based on a nonlinear structure whereas the structure of the FXLMS algorithm is an FIR filter that is essentially linear. The estimation performance of the causal inverse of the secondary path was better in case of the FSLMS algorithm compared to the FXLMS algorithm. Duct is open at one end. N=200, µ =0.001, 1 µ =0.0001.
D. Experiment-II: (Effect of filter length on FSLMS performance)
To study the effect of filter length on the performance of the virtual FSLMS algorithm, the previous experiment was repeated for various values of N starting from N =10. The power spectrum magnitude (dB) plots are shown in Fig. 7(a) for the full spectrum and in Fig. 7(b) a portion by zooming. It is seen that the performance degrades if N <50. Beyond that, the performance remains almost identical and no significant improvement is seen even if N is increased up to 250. In further experiments, the filter length N is fixed at 100. The step-sizes µ and 1 µ were chosen to be the same as used in Experiment-I. 
F. Experiment-IV: (Effect of causality constraint on FXLMS and FSLMS algorithm)
To study effect of the causality constraint, explained in Section IV, a delay equal to 10 sample delays was introduced before the DAC connected to the secondary loudspeaker. As the sample frequency was 1 kHz, the 10 sample delay equivalent to 10 ms, is equivalent to moving the secondary loudspeaker 3.4 m away from the present position. This introduces the causality constraint as the virtual microphone is closer to the primary loudspeaker than the secondary loudspeaker. The noise generated from the primary loudspeaker reaches the virtual microphone position before the noise from the secondary loudspeaker. If the noise was random, it would not have been possible to reduce the noise using standard ANC technique (FXLMS). As the chaotic noise is deterministic, even if nonlinear and dynamic, the noise is predictable. Figure 9 shows the power spectrum magnitude (dB) plot of the virtual microphone signal for the FXLMS and FSLMS algorithm accompanied by the signal measured when ANC was OFF for a chaotic noise source given by Eqn. (14) . In this figure, it is clearly noticeable that the FSLMS algorithm is capable of cancelling noise at the virtual location under very high causality constraint, where as the FXLMS fails. 
G. Experiment-V: (Performance evaluation with and without causality constraint)
The FXLMS and the FSLMS algorithms were both run with and without a causality constraint.
The chaotic noise was chosen as the reference signal while µ and 1 µ were chosen as 0.001. The filter length N was fixed at 100. The comparative power spectrum magnitude (dB) plots are shown in Fig. 10 . From this figure, it is evident that the performance of the FXLMS algorithm is lower than that of the FSLMS algorithm and it is degraded severely in the case of the causality constraint. However, the FSLMS algorithm outperforms the FXLMS algorithm in terms of noise cancellation at the virtual location under both the cases of causality. It is also seen that the performance of the FSLMS is degraded under the causality constraint compared to that when there is no causality constraint. This indicates that the 1 st order FSLMS algorithm is insufficient to predict the noise due to the time delay. were estimated as done in previous experiments. However, during estimation of the ) ( z H , the airfoil noise source was chosen as the primary source unlike previous experiments where the primary noise source during such estimate was chosen as a white uniform noise. The airfoil noise was played from a different computer using Matlab command with the recorded sampling frequency. The audio output is fed through the speaker amplifier to the primary loudspeaker. The ANC system was running at the sampling frequency 1kHz. The ANC algorithm was run using both FXLMS and FSLMS algorithms one after the other. The microphone signal at the virtual microphone location was recorded for analysis. The power spectrum magnitude (dB) of the virtual microphone signals, when ANC was OFF and ANC was ON with the FXLMS and FSLMS algorithms were plotted in Fig. 11 . From this figure, it is found that the ANC using the FSLMS is capable of controlling the airfoil noise for midfrequency range (Fig. 12 (b) ), however, the FXLMS algorithm fails completely. It is also seen that in the low-frequency zone, the FXLMS and the FSLMS algorithm performs more or less equivalently ( Fig. 12 (c) ). This experiment gives encouraging results to apply nonlinear ANC algorithms for controlling noise generated due to airfoils such as aeroplane wings, automobile projections like mirrors etc. List of Figures   FIG. 1 
